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Minimum-State Unsteady Aerodynamics for Aeroservoelastic
Configuration Shape Optimization of Flight Vehicles

Marat Mor∗ and Eli Livne†

University of Washington, Seattle, Washington 98195-2400

The minimum-state technique for creating linear-time-invariant state-space models of unsteady aerodynamic
loads leads to major savings in terms of the dimension of the resulting aeroservoelastic systems compared to
alternative techniques. The up-front effort of the generation of minimum-state approximants, however, is large and
involves an iterative double least-squares function fitting process. When the overall shape of a configuration varies
during the repetitive analysis required for configuration design optimization, the cost of creating new minimum-
state approximations becomes prohibitive. This paper presents an efficient method for obtaining shape sensitivity
analysis of minimum-state approximants. The resulting sensitivities are then used, based on a single detailed
analysis and sensitivity analysis at some reference design to generate approximate aeroelastic poles, divergence
speed, and flutter speed results for configurations that are subject to considerable planform shape changes.

Nomenclature
[A] = state-space model aeroelastic matrix
[A0], [A1], [A2], . . . = rational approximation matrices
b = reference semichord length of wing
[C] = damping matrix
c = chord length of wing
[D], [E] = rational approximation matrices

of lag terms
DV = design variable
E = Young modulus
G = shear modulus
[I ] = identity matrix
j = pure imaginary number, −√

1
[K ] = stiffness matrix
k = reduced frequency
L = half-span length of wing
{Lvec}, {Rvec} = left and right eigenvectors
[M] = mass matrix
n = number of states
nk = number of reduced frequencies
nlag = number of lag terms
p = nondimensional Laplace variable
[Q] = aerodynamic generalized force

coefficients matrix
[Q̄] = approximated aerodynamic generalized

force coefficients matrix
qD = dynamic pressure
[R] = diagonal matrix of lag roots
[S] = diagonal matrix of singular values
s = Laplace variable
s11, s22, s33, . . . = singular values
t = width of wing
[U ], [V ] = singular vectors
V = speed of flight

Received 11 April 2004; presented as Paper 2004-1762 at the AIAA/
ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials
Conference, Palm Springs, CA, 19–22 April 2004; revision received 20 Jan-
uary 2005; accepted for publication 19 March 2005. Copyright c© 2005 by
Marat Mor and Eli Livne. Published by the American Institute of Aero-
nautics and Astronautics, Inc., with permission. Copies of this paper may
be made for personal or internal use, on condition that the copier pay the
$10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood
Drive, Danvers, MA 01923; include the code 0001-1452/05 $10.00 in cor-
respondence with the CCC.

∗Postdoctoral Research Fellow, Department of Aeronautics and
Astronautics.

†Professor, Department of Aeronautics and Astronautics. Associate
Fellow AIAA.

{x} = state vector [Eq. (13)]
{xlag} = vector of aerodynamic states [Eq. (16)]
γ = roots of lag terms
ε = accumulated absolute error [Eq. (30)]
�i = inboard sweep angle of wing
ξ = vector of generalized structural

dynamic motions
ρ = density
ω = frequency of oscillation

Subscripts and Superscripts

D = divergence
F = flutter
REF = reference point
∗ = conjugate

I. Introduction

D ESIGN-ORIENTED unsteady aerodynamic analysis tools
for aeroservoelastic shape optimization lag significantly be-

hind other multidisciplinary design optimization (MDO) devel-
opments for aerospace vehicle design. In almost all MDO stud-
ies to date involving configuration shape optimization, dynamic
aeroelastic/aeroservoelastic constraints had to be left out. Flut-
ter, gust stresses, vibration, fatigue, ride comfort, handling quali-
ties, and other control/structure/aerodynamic interactions—all ex-
tremely important—still cannot be accounted for efficiently in an
automated design process involving configuration shape variations.
The reason is that efficient general design-oriented technology for
producing unsteady aerodynamic loads and their state-space models
for aeroelastic/aeroservoelastic shape design of general configura-
tions is still in its infancy, leading to a gap in every current flight
vehicle MDO capability.1

Linear unsteady generalized aerodynamic forces are usually
computed for simple harmonic motions to yield complex matri-
ces [Q( jkl)] evaluated at a tabulated set of reduced frequencies
kl , l = 1, 2, 3, . . . , nk . To create state-space models, a rational func-
tion approximation in terms of the reduced frequency k is created by
matching a rational function of predetermined structure and order
to the tabulated set [Q( jkl)] in some best way.

When, in the general case, mode shapes used to approximate
structural dynamic motion and the configuration shape of the vehi-
cle are subject to change (together with the aerodynamic paneling
used), the generalized aerodynamic matrices vary too, depending on
shape design variables DVi . For the subsonic case using a kernel-
function solution approach and for both the subsonic and supersonic
cases using panel methods, analytic sensitivities ∂[Q( jk)]/∂ DV of
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generalized force matrices with respect to planform shape de-
sign variables had been derived for planar lifting surface
configurations.2−6 First steps in the development of general config-
uration shape sensitivities of linear unsteady aerodynamics for the
three-dimensional flight vehicle case, including any combination of
bodies and lifting surfaces, have recently been reported.7

Assuming that shape sensitivities of unsteady aerodynamic load
matrices ∂[Q( jk)]/∂ DV are available from capabilities such as
Refs. 2–7, it is the goal of this paper to present shape sensitivity tech-
niques for the rational function approximation matching part of the
aeroelastic/aeroservoelastic shape optimization modeling problem.
Aeroelastic and aeroservoelastic state-space models make it possible
to use the powerful techniques of modern control for aeroservoelas-
tic analysis and design. The development of shape sensitivities dis-
cussed here is expected to lead to better integration of modern con-
trol and aeroelasticity for efficient structures/aerodynamics/controls
design synthesis early in the flight-vehicle design process.

II. Aeroelastic State-Space Equations
of Motion and Their Sensitivities

The linear aeroelastic problem (without gust excitation and con-
trol system) can be formulated in the Laplace domain as follows1,8:

{
s2[M] + s[C] + [K ] − qD[Q(s)]

}{ξ(s)} = 0 (1)

where [Q(s)] is the Laplace-transformed aerodynamic generalized
force coefficients matrix. The vector of generalized structural dy-
namic motions using some modal base is {ξ(s)}. To create a linear-
time-invariant (LTI) state-space model of the system, an approxima-
tion of the [Q] matrix in the form of a rational function is introduced:

[Q(p)] ≈ [A0] + p[A1] + p2[A2] + p[D]([I ]p − [R])−1[E] (2)

p = s(b/V ) (3)

The rational function representation of Eq. (2) for the aerodynamic
generalized force matrix is convenient because it captures both the
Roger9 and minimum-state (MIST10−14) methods.

Linear unsteady aerodynamic loads are usually calculated for
simple harmonic motion. They depend on Mach number and the
reduced frequency of oscillation:

k = ωb/V (4)

With the ≈ sign denoting a rational right-hand side approximat-
ing the actual transcendental dependency of [Q( jk)] on k, Eq. (2)
leads to

[Q( jk)] ≈ [A0] + jk[A1] + ( jk)2[A2]

+ jk[D]( jk[I ] − [R])−1[E] (5)

In the case of the Roger approximation,

[Q( jk)] ≈ [A0] + jk[A1] + ( jk)2[A2] + [ jk/( jk + γ1)][A3]

+ [ jk/( jk + γ2)][A4] + · · · (6)

Or, written in the form of Eq. (5),

[Q( jk)] ≈ [A0] + jk[A1] + ( jk)2[A2] + jk[[A3][A4] · · ·]

×




( jk + γ1)[I ] [0] · · ·

[0] ( jk + γ2)[I ] · · ·
· · · · · · · · ·





−1 [
[I ]

[I ]
· · ·

]

(7)

In the minimum-state (MIST) approximation

[Q( jk)] ≈ [A0] + jk[A1] + ( jk)2[A2] + jk[D]

×




( jk + γ1) 0 · · ·

0 ( jk + γ2) · · ·
· · · · · · · · ·





−1

[E] (8)

In the most common application of both methods, the matrices

[R]MIST = −




γ1 0 · · ·
0 γ2 · · ·

· · · · · · · · ·



 (9)

[R]Roger = −




γ1[I ] [0] · · ·
[0] γ2[I ] · · ·
· · · · · · · · ·



 (10)

are selected a priori to be a diagonal with positive entries on the
diagonal to prevent spurious aerodynamic instabilities in the ap-
proximation [Eq. (2)].

Substituting Eqs. (2) and (3) into Eq. (1), one obtains a new
approximate system of equations:
{

s2[M̄] + s[C̄] + [K̄ ]

− s · qD[D]([I ]s − (V/b)[R])−1[E]
}{ξ(s)} = 0 (11)

Here

[M̄] = [M] − qD(b/V )2[A2], [C̄] = [C] − qD(b/V )[A1]

[K̄ ] = [K ] − qD[A0] (12)

Definition of a new state vector in the time domain

{x}T = {ξ ξ̇ xlag} (13)

now yields the state-space open-loop free aeroelastic system of equa-
tions of motion:

{ẋ} = [A]{x} (14)

where the system’s matrix is

[A] =




[0] [I ] [0]

−[M̄]−1[K̄ ] −[M̄]−1[C̄] qD[M̄]−1[D]

[0] [E] (V/b)[R]



 (15)

A vector of aerodynamic states (Laplace transformed)

{xlag(s)} = s([I ]s − (V/b)[R])−1[E]{ξ(s)} (16)

has been introduced. Its dimension varies between nlag for the MIST
method and nlag × n for Roger, where n is the number of general-
ized coordinates. The minimum-state approximation leads to LTI
state-space models that are much smaller in order than correspond-
ing models created using Roger approximations. With a structural
dynamic model using, for example, n = 40 generalized coordinates,
and with four lag terms in the Roger case, the dimension of the
resulting state-space model is (2 + nlag)n = 240. With 10 aerody-
namic lag terms in a minimum-state model, the dimension of the
resulting state-space model is 2n + nlag = 90 only.

Sensitivity of the aeroelastic LTI system matrix with respect
to some design variable DV should be found by differentiating
Eq. (15):

[
∂ A

∂ DV

]
=






0 0 0

−∂([M̄]−1[K̄ ])

∂ DV
−∂([M̄]−1[C̄])

∂ DV
qD

∂([M̄]−1[D])

∂ DV

0

[
∂ E

∂ DV

]
0






(17)

The derivatives of the matrices [M̄], [C̄], and [K̄ ] are obtained as
follows:

[
∂ M̄

∂ DV

]
=

[
∂ M

∂ DV

]
− qD

b2

V 2

[
∂ A2

∂ DV

]
(18)
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[
∂C̄

∂ DV

]
=

[
∂C

∂ DV

]
− qD

b

V

[
∂ A1

∂ DV

]
(19)

[
∂ K̄

∂ DV

]
=

[
∂K

∂ DV

]
− qD

[
∂ A0

∂ DV

]
(20)

A number of techniques are currently available for calculating
sensitivities of structural finite element matrices with respect to
either sizing-type or shape design variables, and this technology
is already implemented in a number of commercial finite element
codes.15,16 The focus of the work reported here is on the sensitivities
of the aerodynamic rational function approximation matrices. Sen-
sitivity analysis of Roger rational function approximation matrices
[A0], [A1], [A2], . . . and the corresponding aeroservoelastic poles
had been reported in Refs. 4–6. The problem of sensitivity analysis
in the case of the minimum-state approximation is more complex,
and a brief review of MIST model generation process is required
before the major issues can be addressed.

A. Iterative Generation of MIST Approximants
Starting with

[Q(k)] ≈ [A0] + jk[A1] − k2[A2]

+ [D]






k

k − jγ1
0 0

0
k

k − jγ2
0

0 0
. . .






[E] (21)

we can separate real and imaginary parts because

k

k − jγi
= k2 + jkγi

k2 + γ 2
i

(22)

Thus,

Re[Q(k)] ≈ [A0] − k2[A2] + [D]






k2

k2 + γ 2
1

0 0

0
k2

k2 + γ 2
2

0

0 0
. . .






[E]

(23)

Im[Q(k)] ≈ k[A1] + [D]






kγ1

k2 + γ 2
1

0 0

0
kγ2

k2 + γ 2
2

0

0 0
. . .






[E] (24)

The goal is to obtain an accurate approximation that will fit
tabulated data throughout the frequency range. Using the tabu-
lated data obtained at a set of tabulated reduced frequencies kl , l =
1, 2, 3, . . . , nk Eq. (23) together with Eq. (24) lead to the following
system of 2nk approximation conditions:






−k2
l [A2] + [D][�R(kl)][E]

≈ Re[Q(kl)] − [A0]

kl [A1] + [D][�I (kl)][E]

≈ Im[Q(kl)]

, l = 1, 2, 3, . . . , nk

(25)

[[A1] [A2] [D]]




[0] k1[I ] · · · [0] knk [I ]

−k2
1[I ] 0 · · · −k2

nk
[I ] 0

[�R(k1)][E] [�I (k1)][E] · · · [
�R

(
knk

)]
[E]

[
�I

(
knk

)]
[E]





≈ [
Re[Q(k1)] − [A0] Im[Q(k1)] · · · Re

[
Q

(
knk

)] − [A0] Im
[

Q
(
knk

)]]
(29)

where the diagonal matrices [�R(kl)] and [�I (kl)] (which are func-
tions of tabulated reduced frequencies kl) are defined as follows:

[�R(kl)] =






k2
l

k2
l + γ 2

1

0 0

0
k2

l

k2
l + γ 2

2

0

0 0
. . .






(26)

[�I (kl)] =






klγ1

k2
l + γ 2

1

0 0

0
klγ2

k2
l + γ 2

2

0

0 0
. . .






(27)

The matrix [A0] is set to equal the steady [Q( jk = 0)] . The search
for the MIST matrices is then carried out in an iterative manner.
An initial value [D0] is assigned to the [D] matrix. A linear least-
squares problem can now be solved for elements of [A1], [A2], and
[E] as follows.

The matrix form of the system of the preceding equations
[Eq. (25)] is





[0] −k2
1[I ] [D][�R(k1)]

k1[I ] [0] [D][�I (k1)]

[0] −k2
2[I ] [D][�R(k2)]

k2[I ] [0] [D][�I (k2)]
· · · · · · · · ·
[0] −k2

nk
[I ] [D]

[
�R

(
knk

)]

knk [I ] [0] [D]
[
�I

(
knk

)]









[A1]

[A2]

[A3]





≈






Re[Q(k1)] − [A0]

Im[Q(k1)]

Re[Q(k2)] − [A0]

Im[Q(k2)]
· · ·

Re
[

Q
(
knk

)] − [A0]

Im
[

Q
(
knk

)]






(28)

Premultiplication of the left- and right-hand sides by the matrix





[0] −k2
1[I ] [D][�R(k1)]

k1[I ] [0] [D][�I (k1)]

[0] −k2
2[I ] [D][�R(k2)]

k2[I ] [0] [D][�I (k2)]
· · · · · · · · ·
[0] −k2

nk
[I ] [D]

[
�R

(
knk

)]

knk [I ] [0] [D]
[
�I

(
knk

)]






T

leads to a minimum least-squares approximation solution for the
matrices [A1], [A2], and [E] assuming a given matrix [D].

Next, fixing the elements of the [E] matrix to those found from
the least-squares solution just described, we now formulate a least-
squares problem for elements of a new [D] matrix as follows.

Similar to the preceding process, the matrix form of the system
presented in Eq. (25) for the matrix variables [A1], [A2], and [D] is
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Postmultiplication by the system’s coefficient matrix leads to a sec-
ond least-squares problem for the matrices [A1], [A2], and [D]. The
iterative process now continues with the fixing of the new [D] and
searching for new [A1], [A2], and [E] [Eq. (28)], etc. Note that the
solution for the matrices [D], [E] is not unique, and it depends on
the initial guess for the [D] matrix, which starts the iteration process.

The procedure just outlined is one of possible similar procedures
for different variants of the minimum-state method. Other cases in-
clude constraints used in order to force the approximated aeroloads
to match the tabulated loads (real and/or imaginary parts) at some
reduced frequency of importance; thus making it possible to elimi-
nate the matrices [A1], [A2]. These become completely dependent
on [D], [E] in such cases.13 In another variation of the minimum-
state method, different weights are introduced into the least-squares
process to achieve better overall accuracy of the match for elements
of the [Q( jk)] matrix, which are found to influence more heavily
the actual aeroelastic behavior.12

The order reduction gains of the MIST method come at a price.
The generation of MIST models can be lengthy and, since the in-
troduction of the method, has been done in an iterative process.

B. Convergence
The nonlinear nature of the double least-squares iterative MIST

process leads to complicated behavior and convergence issues. In
general, for a small number of lags convergence of such a process can
be determined based on the accuracy of the matching between the
MIST rational function approximant and the tabulated generalized
force data. Matching errors have to be considered for all terms of
the matrix at all tabulated reduced frequencies. An accumulated
absolute error measure is often used:

ε =
{

n∑

i, j = 1

nk∑

m = 1

[
Re|Q̄i j (km) − Qi j (km)|2]

+
n∑

i, j = 1

nk∑

m = 1

[
Im|Q̄i j (km) − Qi j (km)|2]

} 1
2

(30)

Here [Q̄] is the approximated aerodynamic generalized force coef-
ficients matrix:

[Q̄( jk)] = [A0] + jk[A1] + ( jk)2[A2] + jk[D]( jk[I ] − [R])−1[E]

(31)

The iterative MIST process stops when the difference between the
matching errors in two consequent iterations reaches below a certain
threshold.

The rise in cost, because of the need to repetitively carry out
aeroelastic simulations, can be significant, though. Physical weights,
introduced into the double least-squares matching process and ac-
counting for relative importance of different terms based on open-
loop response of the reference structure, provide a more economi-
cal way computationally for taking overall aeroelastic behavior into
account during the matching process. In the case of design opti-
mization, however, the reference design used for the creation of
MIST approximants can end up quite different in mass and stiffness
distributions from systems evolving from it. The value of physical
weights that were determined at the reference design point might be
questionable.

Although the stopping criteria just mentioned work well for a
relatively small number of lags (usually nlag < 5, depending on the
number of states), it is costly and sometimes impossible to imple-
ment them in cases when the number of lags is becoming large.
The number of iterations can reach thousands and tens of thousands
(depending on a case) before the stopping criteria will terminate the
process. Moreover, even if a change in the matching errors [Eq. (30)]
in two consequent iterations satisfies the criteria, the change in the
matrices [D] and [E] can be very significant. This is a result of the
nonlinear nature of the problem as well as the nonuniqueness of
the solution for the matrices [D] and [E]. It is clear that any multi-

plication of one of these matrices by any number and corresponding
division of the other matrix by the same number would still lead
to the same approximation results. As a matter of fact, depending
on the starting point for the matrix [D] the evolution of the [D]
and [E] matrices during the iterative matching process can exhibit
jumps and branch changes. Fortunately, the change in the solution’s
branch usually does not have significant influence on the product
[D] [E] (which remains almost constant). This fact allows users
to terminate the iterative process after 10–20 iterations only even
for the problems with a large number of lags without considerably
degrading the accuracy of the match.

The iterative nature of the data matching process and its char-
acteristics in the MIST approach are the source of difficulty when
sensitivities of this approximation are sought.17 To better understand
it, one needs to reexamine the aerodynamic matrix approximation
presented in Eq. (2).

Differentiating this equation with respect to a design variable
leads to
[

∂ Q(p)

∂ DV

]
≈

[
∂ A0

∂ DV

]
+ p

[
∂ A1

∂ DV

]
+ p2

[
∂ A2

∂ DV

]
+ p

[
∂ D

∂ DV

]

× ([I ]p − [R])−1[E] + p[D]([I ]p − [R])−1

[
∂ E

∂ DV

]
(32)

The derivative of the static aerodynamic stiffness matrix is cal-
culated using the aerodynamic matrix [Q] at steady state:

[
∂ A0

∂ DV

]
=

[
∂ Q(p = 0)

∂ DV

]
(33)

Equation (32) is a linear equation for [∂ A1/∂ DV ], [∂ A2/
∂ DV ], [∂ D/∂ DV ], [∂ E/∂ DV ] and can be solved in a dou-
ble least-squares manner using the tabulated [∂ Q( jk1)/∂ DV ],
[∂ Q( jk2)/∂ DV ], . . . [∂ Q( jknk )/∂ DV ] But although this approach
is reliable in the case of MIST evaluation for [A1], [A2], [D], [E] it
is questionable when applied to the process of finding derivatives.
The sensitivity of MIST matrices to starting guesses and the jumps
between solution branches might lead to sensitivities that will not
capture (via Taylor-series extrapolations) the matrices [D] and [E]
at a new design point DV . In addition, to reduce the calculation
time an additional iterative process should be avoided, if possible.
This raises the question whether there is any case in which MIST
approximations of unsteady aerodynamic loads can be found with-
out the iterative MIST process. Such a case can be used for studying
alternative approaches to MIST matrix sensitivity computation. As
we show in the following section, it is possible to obtain a MIST
approximant without the iterative process in the case of unsteady
aerodynamic loads represented by a one-lag Roger approximation.

C. Roger Approximation with One Aerodynamic Lag Term
and MIST Without Nonlinear Iterations

When one lag term is used in a Roger approximation of gener-
alized unsteady loads, the aerodynamic force coefficients matrix is
approximated by

[Q(p)] ≈ [A0] + [A1]p + [A2]p2 + [p/(p + γ1)][A3] (34)

As shown in Refs. 4–6, no iteration is required for obtaining the
Roger approximation matrices and their sensitivities. The Roger ra-
tional function matching process leads to equations that are linear in
the unknown matrices and their sensitivities and involves solutions
of simple least-squares problems.

Using the singular value decomposition, the matrix [A3] can be
presented as

[A3] = [U ][S][V ] =
n∑

i = 1

{Ui }sii {Vi }T (35)

where {Ui } and {Vi } are the singular vectors and [S] is the diagonal
matrix of singular values sii . It can be proven (see Appendix) in
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the case of one Roger lag term γ1 that using the first left and right
singular vectors and the associated singular value of the [A3] matrix
(when [A3] was generated by the Roger approximation) leads to
the product {D}{E}T of one lag term MIST approximation with the
same lag root. That is

{D}{E}T = {U1}s11{V1}T (36)

Furthermore, if the first m singular values and vectors of [A3] are
taken, the resulting rational function approximation is the same as a
MIST approximation generated (starting with the proper [D]) with
the same number of identical aerodynamic roots γ1. For example, if
we approximate the matrix [A3] using a three-term singular value
decomposition (SVD) series

[A3] = {U1}s11{V1}T + {U2}s22{V2}T + {U3}s33{V3}T (37)

then a SVD approximation of the Roger series becomes

[Q(p)] = [A0] + [A1]p + [A2]p2 + p

p + γ1

[{U1}s11{V1}T

+ {U2}s22{V2}T + {U3}s33{V3}T
]

= [A0] + [A1]p + [A2]p2

+ p[D]




p + γ1 0 0

0 p + γ1 0

0 0 p + γ1





−1

[E] (38)

with

[D] = [{U1} {U2} {U3}], [E] =




s11{V1}T

s22{V2}T

s33{V3}T



 (39)

A Roger approximation using one lag term, then, leads to corre-
sponding [D], [E] matrices by SVD, and those lead to a lag term in a
MIST approximation (obtained by an iterative process) that is iden-
tical. Once the SVD is used to approximate the [A3] matrix from the
Roger approximation, the corresponding [D], [E] are frozen, and
another Roger-like least-squares process is carried out to correct the
matrices [A1], [A2]. Again, no iteration is involved, and the result-
ing series [A0] + p[A1] + p2[A2] + p[D]([I ]p − [R])−1[E] leads
to the same approximant that would have been obtained by the iter-
ative MIST process, when applied with identical roots.

If SVD is used to obtain the MIST lag terms from a Roger ap-
proximation, then the derivatives of the lag terms can be written as
follows:

∂{Ui }sii {Vi }T

∂ DV
= ∂{Ui }

∂ DV
sii {Vi }T + {Ui } ∂sii

∂ DV
{Vi }T + {Ui }sii

∂{Vi }T

∂ DV
(40)

With the sensitivity analysis singular values and singular vectors
readily available, similar to sensitivity analysis of eigenvalues and
eigenvectors (see also Ref. 18), sensitivities of the MIST lag terms
can now be found as

p
∂[{U1} {U2} {U3}]

∂ DV




p + γ1 0 0

0 p + γ1 0

0 0 p + γ1





−1

×




s11{V1}T

s22{V2}T

s33{V3}T



 + p[{U1} {U2} {U3}]

×




p + γ1 0 0

0 p + γ1 0

0 0 p + γ1





−1

∂

∂ DV




s11{V1}T

s22{V2}T

s33{V3}T



 (41)

and sensitivities of [∂ A1/∂ DV ], [∂ A2/∂ DV ] by least-squares
matching

jkl

[
∂ A1

∂ DV

]
+ ( jkl)

2

[
∂ A2

∂ DV

]
≈

[
∂ Q( jkl)

∂ DV

]
−

[
∂ A0

∂ DV

]

− jkl
∂

∂ DV
[{U1} {U2} {U3}]

×




jkl + γ1 0 0

0 jkl + γ1 0

0 0 jkl + γ1





−1 


s11{V1}T

s22{V2}T

s33{V3}T





− jkl [{U1} {U2} {U3}]

×




jkl + γ1 0 0

0 jkl + γ1 0

0 0 jkl + γ1





−1

∂

∂ DV




s11{V1}T

s22{V2}T

s33{V3}T





(42)

It can be suggested, however, that similar to a fixed-modes approach
in structural dynamics, approximate sensitivities of the SVD terms
should be generated by neglecting ∂{U }/∂ DV , ∂{V }/∂ DV terms
and keeping only ∂sii/∂ DV terms. Further examination of Eqs. (32)
and (42) shows that the calculation of MIST approximation sensitiv-
ities is greatly simplified by neglecting only ∂{U }/∂ DV [Eq. (42)]
or, equivalently, neglecting only ∂{D}/∂ DV [Eq. (32)].

Thus, the following sensitivity expression is to be examined:[
∂ Q(p)

∂ DV

]
≈

[
∂ A0

∂ DV

]
+ p

[
∂ A1

∂ DV

]
+ p2

[
∂ A2

∂ DV

]

+ p[{U1} {U2} {U3}]




p + γ1 0 0

0 p + γ1 0

0 0 p + γ1





−1

× ∂

∂ DV




s11{V1}T

s22{V2}T

s33{V3}T



 (43)

or, equivalently,
[

∂ Q(p)

∂ DV

]
≈

[
∂ A0

∂ DV

]
+ p

[
∂ A1

∂ DV

]
+ p2

[
∂ A2

∂ DV

]

+ p[D]




p + γ1 0 0

0 p + γ1 0

0 0 p + γ1





−1

∂[E]

∂ DV
(44)

The SVD-based noniterative MIST approximation allows sensitivity
calculation [Eq. (42)] without the problems of branch switching and
solution jumps or nonconverged iterative MIST results. This makes
it possible to compare the sensitivity results of Eq. (43) to those
of Eqs. (41) and (42). As numerical tests will show, the difference
in the results compared to the full sensitivity analysis (including
sensitivities of the singular vectors) is insignificant. Implementation
of Eq. (44) to the global case MIST sensitivity with the number
of lags greater than one allows us to avoid the convergence and
discontinuity problems just discussed and eliminates the need for
an iterative process.

D. MIST Sensitivity in the General Case
Based on one-lag term analysis just presented, the sensitivity of

the general case can be treated in the similar way. From Eq. (44),
[

∂ Q(p)

∂ DV

]
≈

[
∂ A0

∂ DV

]
+ p

[
∂ A1

∂ DV

]
+ p2

[
∂ A2

∂ DV

]

+ p[D]([I ]p − [R])−1

[
∂ E

∂ DV

]
(45)
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This is a linear equation for [∂ A1/∂ DV ], [∂ A2/∂ DV ], and
[∂ E/∂ DV ] [the derivative of the matrix [A0] is given by Eq. (33)].
Equation (45) is now solved by a single least-squares step without
iterations to match:

jk1

[
∂ A1

∂ DV

]
− k2

1

[
∂ A2

∂ DV

]
+ jk1[D]([I ] jk1 − [R])−1

[
∂ E

∂ DV

]

≈
[

∂ Q( jk1)

∂ DV

]
−

[
∂ A0

∂ DV

]

jk2

[
∂ A1

∂ DV

]
− k2

2

[
∂ A2

∂ DV

]
+ jk2[D]([I ] jk2 − [R])−1

[
∂ E

∂ DV

]

≈
[

∂ Q( jk2)

∂ DV

]
−

[
∂ A0

∂ DV

]

... (46)

with [D] fixed.
In the following test cases structural sensitivity matrices were ob-

tained by NASTRAN,19 and frequency-dependent [Q( jk)] matrix
sensitivities by the unsteady aerodynamic capability ZAERO.7,20

Analytic sensitivities, as just described, were used for the MIST
approximation terms, while finite difference sensitivities were used
in both structural and pure aerodynamic ZAERO matrices. Analytic
sensitivities of mass, stiffness, and aerodynamic matrices in the
frequency domain can also be obtained analytically using proven
aerodynamic and structures sensitivity technology, and the methods
of Refs. 7, 15, and 16.

Finally, the MIST approximants at new design points are evalu-
ated based on direct Taylor series created at a reference design point
as follows:

[A0] = [A0]REF + ∂[A0]

∂ DV

∣∣∣∣
REF

(DV − DVREF) (47)

[A1] = [A1]REF + ∂[A1]

∂ DV

∣∣∣∣
REF

(DV − DVREF) (48)

[A2] = [A2]REF + ∂[A2]

∂ DV

∣∣∣∣
REF

(DV − DVREF) (49)

[E] = [E]REF + ∂[E]

∂ DV

∣∣∣∣
REF

(DV − DVREF) (50)

while the [D] matrix is held frozen, so that [D] = [D]REF.

III. M-W Wing Example
The double-swept forward wing21 was chosen as an example for

the examination of the results of MIST analysis and its sensitivity
in the case of major planform changes. The geometry of the wing is
shown in Fig. 1, where c = 76 mm is the chord length, L = 305 mm
is the half-span length, and �i is the sweep angle of the inboard
wing, which is varied from −30 to 30 deg. The wing is assumed
to have a width t = 1 mm, and its structural material characteristics
are E = 73.8 GPa, G = 27.6 GPa, and ρ = 2768 kg/m3.

The structural finite element results for the wing for the differ-
ent values of the inboard sweep angle �i were calculated using
MSC NASTRAN (Ref. 19). The first 10 modes were taken for the
aeroelastic analysis using Mach = 0 aerodynamics produced by the
ZAERO code (Ref. 20) and a five-lag term MIST rational function
approximation. Results of the MIST and the Roger-based state-
space models are compared to frequency-domain results using the
g method in ZAERO for validation. The MIST process involves the
nonlinear double least-squares iteration process.

The divergence and the flutter velocities for different sweep an-
gles are presented in Figs. 2 and 3, respectively. Both velocities
increase with the increase of the sweep angle. However the change
in divergence velocity is more significant in the case of the swept-

Fig. 1 M-W wing.21 Planform shape variations of the inner wing are
shown.

Fig. 2 Divergence speed of the M-W wing as a function of sweep angle
of the inner wing.

Fig. 3 Flutter speed of the M-W wing as a function of sweep angle of
the inner wing.

backward inner wing, while the change in the flutter velocity is
almost monotonic. The divergence velocity, which in the case of the
swept-forward wings (in general) is lower than the flutter velocity, is
not influenced by the number of MIST lags because it is determined
by steady aerodynamics, which is matched exactly.

The choice of five-lag terms MIST approximation (as presented
in Fig. 3) was made based on the absolute error [Eq. (30)] of the
double least-squares iterative MIST process criteria.
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Table 1 Flutter results obtained by Roger and MIST
approximationsa with different numbers of lag termsb

Variable 1 2 3 4 5 6

Roger
VF , m/s 68.9 72.8 74.2 74.3 74.1 74.2
ε [Eq. (30)] 27.6 7.1 2 1.3 0.76 0.51
Total number of states 30 40 50 60 70 80

MIST
VF , m/s 68.9 72.4 74.5 74.5 74.3 74.2
ε [Eq. (30)] 28.9 11.3 5.4 5.2 4.1 3.6
Total number of states 21 22 23 24 25 26

aThe MIST approximation is generated by the conventional double least-squares iter-
ative process.
bThe divergence velocity VD = 49.2 m/s.

a)

b)

Fig. 4 Quality of MIST approximation with five-lag terms (zero in-
board sweep angle case): a) matching the Q53(k) term and b) matching
the Q76(k) term.

Table 1 shows results obtained with state-space models based
on Roger and MIST approximations. The absolute error for the
five-lag term MIST approximation (which adds only five additional
aerodynamic states) is relatively small, and one can see a good match
in the case of two typical aerodynamic terms: Q5,3 and Q7,6 (Figs. 4a
and 4b).

In both Roger and MIST cases the values of the matching errors
decrease when the number of the lags becomes larger. As expected,
the decrease in errors of the Roger approximation is more rapid
compared to the MIST, although the results for the flutter velocity are
similar for the both methods and only slightly changed for nlag > 2.

For the sensitivity analysis the derivatives of the structural and
aerodynamic matrices were obtained by finite differences method,
as already mentioned. For this purpose the zero inboard sweep angle
wing (�i = 0) was chosen as a reference point, and a new perturbed

Fig. 5 Flutter speed comparison of the M-W wing as a function of
inboard sweep angle based on various sensitivity methods.

model for a forward-Euler finite difference derivative was created
at �i = 0.3 deg.

Figure 5 presents flutter speed results generated to assess per-
formance of the one-lag MIST approximation relative to the more
accurate five-lag model. As the figure shows, flutter velocity approx-
imated using only one-lag MIST is up to 8% lower compared to the
results with five-lag term approximation, when both MIST approx-
imations were obtained using the conventional double least-squares
iterative process. Also shown in the same figure is the one-lag case
flutter predictions based on linear extrapolation of aerodynamic ma-
trices from the base design: 1) sensitivity analysis based on SVD
approximation of a Roger one-lag model, taking into account sen-
sitivities of both singular values and singular vectors [Eqs. (41) and
(42)]; 2) sensitivity based on SVD of the one-lag Roger lag ma-
trix neglecting the sensitivities of the singular vectors [Eq. (43)];
and 3) finally sensitivity analysis based on the solution of a linear
set of equations [Eq. (45)], where the [D] matrix is held frozen.
One can see a very good agreement between the results of the dif-
ferent approaches, which supports the approach where the MIST
matrix derivatives can be efficiently evaluated without an iterative
process.

Once the system’s matrix [A] is approximated away from the ref-
erence design point using direct Taylor series, approximate eigenval-
ues (for stability analysis of the aeroelastic system) can be generated
in two ways: a direct eigenvalues sensitivity method, which is based
on the direct approximation of the poles:

λi = λiREF + ∂λi

∂ DV

∣∣∣
REF

(DV − DVREF) (51)

with the analytic sensitivity of eigenvalues given at the reference
point by

∂λi

∂ DV
= {Lveci }∗(∂[A]/∂ DV ){Rveci }

{Rveci }∗{Lveci }
(52)

where {Lveci } and {Rveci } are the left and right eigenvectors of the
matrix [A], respectively. A reciprocal Taylor-series or a Rayleigh
quotient approximation can also be used.15

Alternatively, the direct state-space model sensitivity analysis can
be used: the [A] matrix is approximated using direct and reciprocal
Taylor series:

[A] = [A]REF + ∂[A]

∂ DV

∣∣∣
REF

(DV − DVREF) (53)

and a full eigenvalue analysis is carried out for the aeroelastic poles.
This process separates the generation of approximated [A0], [A1],

[A2], [D], [E] matrices (which in our case are created using Taylor-
series extrapolation from the reference configuration) and the gen-
eration of aeroelastic poles for an approximated [A] matrix (which
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can be done by full eigenvalue solution or by Taylor series or RQA
approximations of the eigenvalues).

Figure 6 shows the behavior of the real and the imaginary parts
of the flutter eigenvalue with respect to the flight velocity in a case
of �i = −5 deg. The method based on the full eigenvalue analysis
is more costly in terms of the calculation time. Its results, however,
show better match (to the results of full new aerodynamic, struc-
tural, and aeroelastic analysis at new design points) compared to the

Fig. 6 Behavior of flutter eigenvalue for different methods vs flight
velocity. The inboard sweep angle is −−5 deg with five-lag MIST
approximation.

Fig. 7 Flutter speed of the M-W wing as a function of inboard sweep
angle. MIST approximations: full eigenvalue analysis with Taylor-
series-based ||A|| matrix in a case of five-lag terms MIST approximation.

a) b)

Fig. 8 Part of root locus of the M-W wing with an inboard sweep angle of Λi = a) −−15 and b) −−30 deg: exact results vs full eigenvalue analysis with
Taylor-series-based ||A|| matrix.

results of the Taylor series for the poles based on direct eigenvalues
sensitivities [Eq. (51)].

It is preferable to use Eqs. (51) and (52) in the cases where the
absolute value of the inboard sweep angle is within the range of 5 deg
(or up to 15% change from the initial design point). Full eigenvalue
analysis with an approximated system matrix [Eq. (53)] shows better
results when the shape variation away from the reference design is
larger.

Figure 7 shows the flutter speed vs the inboard sweep angle of the
wing. Mathematically, the flutter occurs when the real part of one
of the system’s eigenvalues (which, in the case of Fig. 7, were cal-
culated based on the full eigenvalue analysis with an approximated
[A] matrix) becomes positive. The flutter results show very good
agreement in the entire range of the inboard sweep angle −30 deg
≤ �i ≤ 30 deg, keeping the error less than 3%.

Despite the fact that the flutter velocity is well approximated in the
entire range of �i by the first-order Taylor-series approximation of
the system’s matrix [A] at the reference point �i = 0, the differences
in the system’s behavior (compared to “exact” analysis of the system
at the new design point) become considerable for |�i | > 15 deg.
This is shown in Figs. 8a and 8b, which present enlarged part of
root locus plots for 15 and 30 deg of the inboard sweep angle. For
15 deg the eigenvalues of the sensitivity analysis are in the range
of a few percent of the error. However, in the case of 30 deg of
the inboard sweep angle, the error is much higher; therefore, a new
initial point has to be chosen, and the new derivatives in this point
should be evaluated.

IV. Conclusions
A method for obtaining sensitivities of unsteady aerodynamic

minimum-state (MIST) approximation matrices with respect to
planform shape design variables of general flight vehicle configu-
rations was presented in this paper. The commonly used minimum-
state approximation generation process is iterative and subject to
discontinuous behavior of the resulting matrices. The paper identi-
fied a particular case in which minimum-state approximations can
be found using singular value decomposition of a Roger lag matrix
without any iteration. By using this case, insights were developed
regarding alternative MIST sensitivity equations, and a preferred
method was suggested for calculating MIST sensitivities that are not
subject to convergence and discontinuity problems. Approximations
of flutter speeds and aeroelastic poles based on the shape sensitivity
of the system’s aeroelastic state-space matrix were compared to ex-
act results for a M-W wing subject to considerable sweep variation
of its inboard section. MIST approximants created by Taylor-series
extrapolation of MIST matrices, based on aerodynamic, structural,
and MIST analysis and sensitivity analysis at a reference design
shape, performed well over quite a wide range of shape variation of
the M-W wing. Extension of MIST shape sensitivities and approx-
imations of aeroservoelastic model variation (with respect to shape
changes) to cases of gust response and active aeroelastic control is
currently under study.
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Appendix: One-Aerodynamic-Lag-Term MIST–Roger
Approximation Relation

For a square, nonsingular matrix [A] the singular value decom-
position can be presented as follows:

[A]n × n = [U ]n × n[V ]n × n = {U1}n × 1{V 1}1 × n + {U2}{V 2}

+ · · · + {Un}{V n} =
n∑

i = 1

{Ui }n × 1{V i }1 × n (A1)

where {Ui } are columns of the [U ] matrix (subscripts denote
columns) and {V i } are rows of the [V ] matrix (superscripts denote
rows). The matrices [U ] and [V ] contain the left and right singu-
lar vectors of the matrix [A], respectively. They are normalized to
satisfy

[U ]T [U ] = [S]2 (A2)

[V ][V ]T = [I ] (A3)

Here [S] is the diagonal matrix of the singular values.
Let the double least-squares process of the MIST procedure be

used to approximate a given matrix [A] using a single left column
vector {D̄1} and a single right row vector {Ē1}:

{D̄1}n × 1{Ē1}1 × n ≈ [A]n × n (A4)

The column vector {D̄1} and row vector {Ē1} can be presented as
a linear combination of the columns of [U ] and the rows of [V ] as
follows:

{D̄1} = α1{U1} + α2{U2} + · · · + αn{Un} =
n∑

i = 1

αi {Ui } (A5)

{Ē1} = β1{V 1} + β2{V 2} + · · · + βn{V n} =
n∑

i = 1

βi {V i } (A6)

Following the MIST double least-squares process, the vector {D̄1}
is frozen at some initial guess, and a least-squares solution for the
{Ē1} is sought:

{Ē2}1 × n = ({D̄1}T {D̄1})−1{D̄1}T [A] (A7)

Using the orthogonality property of the singular vectors
({Ui }T {U j } = 0, i �= j [Eq. (A2)], one obtains

{D̄1}T {D̄1} =
n∑

i = 1

(
αi {Ui }T

) ·
n∑

j = 1

(α j {U j }) =
n∑

i = 1

(siαi )
2 (A8)

also,

{D̄1}T [A] =
n∑

i = 1

αi {Ui }T ·
n∑

j = 1

{U j }{V j } =
n∑

i = 1

αi s
2
i {V i } (A9)

Substituting Eqs. (A8) and (A9) into Eq. (A7) gives

{Ē1}1 × n =
∑n

i = 1 αi s2
i {V i }

∑n
i = 1(siαi )2

(A10)

Using the expression for {Ē1} from Eq. (A6) with Eq. (A10),
based on linear combination properties, one finds

βi = αi s2
i∑n

j = 1(s jα j )2
(A11)

The next stage of the double least-squares process is to freeze
{Ē1} and solve in a least-squares manner for a new {D̄1}. However,
back to Eq. (A4), the solution for the column vector {D̄1} is

{ ¯̄D1}n × 1 = [A]{Ē1}T ({Ē1}{Ē1}T )−1 (A12)

The new vector can be expressed as [Eq. (A5)]

{ ¯̄D1} = ᾱ1{U1} + ᾱ2{U2} + · · · + ᾱn{Un} =
n∑

i = 1

ᾱi {Ui } (A13)

with ᾱ1 being new coefficients. Using Eq. (A6),

{Ē1}{Ē1}T =
n∑

i = 1

βi {V i }
n∑

j = 1

β j {V j }T =
n∑

i = 1

β2
i (A14)

[A]{Ē1}T =
n∑

i = 1

{Ui }{V j }
n∑

j = 1

β j {V j }T =
n∑

i = 1

β j {Ui } (A15)

Clearly, from Eqs. (A11–A15)

ᾱi = βi∑n
k = 1 β2

k

(A16)

Using Eq. (A11), one can relate the new values of ᾱi to the values
from the previous iteration αk

( n∑

k = 1

β2
k

)
ᾱi = βi = αi s2

i∑n
j = 1(s jα j )2

(A17)

Now

n∑

k = 1

β2
k =

n∑

k = 1

[
αks2

k∑n
j = 1(s jα j )2

]2

=
∑n

k = 1

(
αks2

k

)2

[∑n
j = 1(s jα j )2

]2
(A18)

Eliminating the β terms completely from Eq. (A17), the following
expression is obtained:

∑n
k = 1

(
αks2

k

)2

[∑n
j = 1(s jα j )2

]2
ᾱi = αi s2

i∑n
j = 1(s jα j )2

(A19)

Finally,

ᾱi =
∑n

j = 1(s jα j )
2

∑n
k = 1

(
αks2

k

)2
αi s

2
i (A20)

Suppose that one starts the double least-squares process with
{D̄1} = {U1}, then α1 = 1, α2 = 0, α3 = 0, and . . . . In this case
Eq. (A20) leads to ᾱ1 = α1, ᾱ2 = 0, ᾱ3 = 0, and . . . . The new { ¯̄D1}
vector is identical to {D̄1} vector from the preceding iteration, and
the process is converged. That is, starting with any left singular vec-
tor as the initial guess for {D}, the MIST iteration will converge to
the same vector after a single {D̄} → {Ē} → {D̄} iteration. Selection
of singular vectors of a square [A] as initial guesses for the MIST
approximation makes the MIST iteration unnecessary. The advan-
tage, in addition to the elimination of the iterative process, is that
with singular vectors and singular values in the [D][E] approxima-
tion of [A], sensitivities of [D] and [E] are well defined once the
sensitivity of [A], ∂[A]/∂ DV , is given.
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